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K-THEORETIC CLASSIFICATION FOR CERTAIN INDUCTIVE
LIMIT Z, ACTIONS ON REAL RANK ZERO C*-ALGEBRAS

HONGBING SU

ABSTRACT. In this paper a K-theoretic classification is given of the C*-algebra
dynamical systems (A, o, Z2) = im(An, an, Z2) where A is of real rank zero,

each A, is a finite direct sum of matrix algebras over finite connected graphs,
and each ay, is induced by an action on each component of the spectrum of
Apn. Corresponding to the trivial actions is the K-theoretic classification for
real rank zero C*-algebras that can be expressed as finite direct sums of matrix
algebras over finite graphs obtained in Mem. Amer. Math. Soc. no. 547, vol.
114.

1. INTRODUCTION

In this paper a K-theoretic classification is given of certain C*-dynamical sys-
tems. Let A be a unital C*-algebra, let G be an abelian compact group and let
a be an action of G on A, one can form the C*-dynamical system (A4, G, «). The
K-theory data for the system will be (i) K.(A) = Ko(A)® K1(A) together with the
graded dimension range defined in [6]: The pairs ([e], [u]) € K.(A), where e is a
projection in A and w is a partial unitary with support (and range) e. The action a
on K, (A) induced by «; (ii) the K-group K.(Ax,G) of the crossed product AX,G
together with the graded dimension range, the action é. on K.(AX,G) induced
by the dual action & and the special element in Ko(A X, G)* corresponding to the
projection obtained by averaging the canonical unitaries of the crossed product;
and (iii) the natural map K,(A) — K.(Ax,G).

The C*-algebras involved in the present classification will be real rank zero C*-
algebras (the set of invertible selfadjoint elements is dense in the set of all selfadjoint
elements) that can be expressed as inductive limits of finite direct sums of matrix
algebras over finite graphs. We will restrict our attention to the group Z/2Z.
The actions will be certain inductive limit actions induced by the actions on the
graphs. We will show that for this class of C*-dynamical systems the K-theory data
described above is a complete invariant.

Recently, a number of people constructed various inductive limit actions on this
type of C*-algebras and answered some difficult questions ([1] [3] [4] [8]). The
present paper was motivated by these works and by the classification results ob-
tained in [6] and [11].
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There were some results along this direction. In the case that the actions are
inductive limit inner actions of a compact group on finite-dimensional C*-algebras,
or on finite direct sums of matrix algebras over cylinders, the similar classifications,
with a slightly different invariant, were obtained in [10] [4] (also see [9]). For general
inductive limit Z5 actions on finite-dimensional C*-algebras, the classification was
obtained in [7].

2. ACTIONS

2.1. Let X be a finite connected graph and let ¢ be an order two action on
X. o induces an order two action @ on C'(X) or an order two action 1,, ® a on
M, ® C(X) = M,(C(X)). Still denoting this action by « we will call M, (C(X))
a basic building block and (M,,(C(X)), a, Z3) a basic building block C*-dynamical
system.

In this paper, we will consider the following type of C*-dynamical systems
(A, a,Zs) = lim(A,,, an, Z2): (i) A is of real rank zero, (ii) A, is a finite direct

sum of basic building blocks, and (iii) @ = lim e, with each a, an Zy action

induced by an action on the spectrum of A, preserving connected components.
For the sake of notation, we will omit Z in a C*-dynamical system (B, 3, Z2)
and denote it by (B, ).

2.2. We first describe an order two action on a basic building block. Let X be
a finite connected graph and let o be a Z5 action on X. Denote by V' the set of
the vertices of X. A point on an open edge is not a vertex in the ordinary sense.
In our context, we can call this point a vertex without changing the C*-algebra.
So we will add some new vertices to our graphs. Let V be the finite subset of X
comnsisting of V' U o (V’) and all the isolated fixed points. Now ¢ has the following
properties: o(V) =V and if L is an edge of X, o(L) is another edge unless o acts
as an identity on L. In this paper, we will always choose the vertices of X (in
connection with o) this way.

Since V is closed, one may have the quotient space X/V and the quotient map
m X — X/V, sending z to [z]. o induces an order two action & on X/V by
5([z]) = [o(x)]. Clearly, 7 intertwines o and ¢. Now X/V is a graph of several
circles joined at a single point. The fixed points of & is this vertex possibly together
with some other circles. In the following, we will call a graph of this type a special
graph. We will use this construction in section 4.

3. PERTURBATION

3.1. Let A= M,(C(X)) and B = M,,(C(Y)) be two basic building blocks and
let « and  be two Z3 actions on A and B, induced by two actions ¢ and 7 on
X and Y, respectively. For a unital equivariant s-homomorphism ¢ from (4, @) to
(B, ), one has

¢(f o 0)(t) = o(f)(7(1))

fort €Y and f € A.
Let tg € Y. ¢(-)(to) is a representation of A in M,,. Since X is the spectrum of
A, there exists {\;}¥_; C X and there exists a unitary U € M,, such that ¢(-)(o)
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has the following expression:

f()
o(f)(to) =U Us, [feA,
f(%)

where k = m/n. Here {\;}¥_, and U depend on ty. The following formula gives a
representation of ¢ at 7(¢o):

flo(M)
¢(f)(r(1) =U Us, feA
fla(Ar))
In particular, o(X\;) =X\, (i =1,2,... k) if 7(t0) = to.

From now on, we will call {\;}¥_; the points corresponding to the representation
of ¢ at tg.

Theorem. Let (A, ), (B,3) and ¢ be as above. For any ¢ > 0 and any finite
subset ' C A, there exists a unital x-homomorphism ¢’ from (A, ) to (B, () such
that

(1) Nlo(f) =" (Nl <€ for feF,
(2) On each edge L of Y, identified with I = [0,1],

f(s1(t))
¢'(f)(t) =W(t) We(t), tel, feA,
f(sk(t))
where W (+) is a unitary in M, (C(I)), {s:()}f., € C(I,X) and k = m/n.

Proof. First, we remark that in the case where L is a circle, W(0) may not be equal
to W (1) and s;(0) may not be s;(1). But the two representations will agree.

The proof basically follows from the proof of Theorem 3.1 in [11], in which case
there were no actions. Certain modifications of that proof will provide for ¢’ to be
equivariant.

Let S C Y be the closure of a fundamental domain of 7 in the following sense.
S is a closed subset of X that contains all the fixed points of 7 together with a
collection of some edges of Y. For an edge L of Y in this collection, 7(L) is not in
this collection. Notice that S and X have the same vertices.

First, define ¢’ at the vertices of S as in the proof of Theorem 3.1 of [11] (before
Step 1). Let yo € S be a vertex, then ¢ has the representation, say:

f(A1)
o(f)(yo) =U Us, feaA,
f(%)

where k = m/n, {\}F_, C X and U a unitary in M,, (depending on yo). In the
case that yg is a fixed point, the points {\;}¥_, are in the fixed point set of o. We
may perturb {)\;}X_, alittle so that they are different except for those isolated fixed
points of o. This will be our ¢ at .

If yo is not a fixed point and yj, is another vertex of S with 7(yo) = ¥, then we
define ¢’ to satisfy the equation ¢'(f)(y,) = ¢'(foo)(yo) for all f € A. Notice that
in this case, the evaluation points {\;}¥_; for ¢’ at yo can be chosen to be different
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since we can move them around a little. Continuing this way, ¢’ is defined on the
vertices of S.

Let L be an edge of Y where 7 acts as an identity. One can define ¢ on L
to have the desired form in (2) of the present theorem the same way as in the
proof of Theorem 3.1 of [11] (Step 1 to Step 4), provided that all s;(t) are in the
fixed point set of 0. We now show that this is possible. The construction in [11],
roughly speaking, is as follows. Divide L into small intervals. Let [¢;,t;+1] be such
an interval. We have

f(A)
o(f)(t:) =U; Ur, feA,
F(w%)
and
fFNY)
o(f)(tiv1) = Uisa 1 [EA
FO%)

{Ai}e_| and {\/}F_, are points in X (for us, they are in the fixed point set of 7). U;
and U, 41 are two unitaries in M,,. Because of the continuity of ¢, if ¢; and ;1 are
close enough, these two groups of points are within 1/2, up to permutation, one by
one. Notice that the construction of ¢’ on [t;,t;+1] in the proof of Theorem 3.1 of
[11] was to connect each pair of the points (Step 1) and the unitaries U; and Uit
(Step 2 to Step 4). Notice that the fixed point set of ¢ is a disjoint union of finitely
many connected components. Two different components are of distance one. It is
clear now that we can connect each pair inside the fixed point set of o. In this way,
¢ has been defined on L.

For L C S with 7(L) not being contained in S, we define ¢ as in [11].

Note that at the ends of L (for any L), these representations and the previously
defined ones may differ by some unitaries. However, the map is well-defined. Now
¢’ is defined on S.

To complete the construction of ¢’ on Y, one uses 7 to transfer the definition of
¢’ on S to Y\ S. More precisely, one defines ¢’ by

¢(Nt)=¢'(foo)r7i(t), teY\S, feA
It is clear that ¢ is a desired map. |

Remark. We need a similar theorem for maps between finite direct sums of basic
building block C*-dynamical systems. We can always assume that the second al-
gebra is a single block. Suppose that A = A1 ® Ay @ -+ - @ Ag. Denote by P; the
central projection corresponding to the i** block. Since each P; is in the fixed point
subalgebra, there is a unitary U € B” such that Ad(U)(P;) is a diagonal constant
projection for all i. Hence, Ad(U)o¢ can be approximated by ¢ = ¢1 Do B - - B ¢y,
on a given finite set F' C A within given ¢, where each ¢; has the form of ¢’ in the
theorem. Furthermore, ¢ is equivariant. Now, it is clear that ¢ can be approxi-
mated by the equivariant *-homomorphism Ad(U)y on F' to within e.

4. SEQUENCES WITH SPECIAL GRAPHS

In this section we will show that one can replace arbitrary graphs by special
graphs in the sense of 2.2, possibly with multiple vertices (see 4.1), for a given
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sequence of C*-dynamical systems in the sense of 2.1. On the other hand, the
actions involved may have more complicated forms.

4.1. Let X be a finite connected graph. A C*-algebra A will be said to be a basic
building block with non-Hausdorff spectrum if A is isomorphic to a sub-C*-algebra
of M,,(C(X)) of the following form:

{f € M,,(C(X))|f has diagonal block forms at the vertices}

We will say that A has non-Hausdorff spectrum X (cf. [11]). Sometimes, we will
simply denote A C M, (C(X)).

Let A be as above. Denote by L1, Lo, ... , L the edges of X. There is a natural
embedding ¢ of A into @leMn(C(Li)). For a unitary V € @le M, (C(L;)), one
can associate it with another embedding, i.e., « followed by AdV'.

Definition. Let A be as above, let F' C A be a finite subset and let ¢ > 0.
We say that F' is approximately constant to within e if there exists a unitary
V=@, Vie®, M,(C(L;)) such that for any f € F, s € L and t € L;

[AdV; (s)(f (s)) — AdVi(£)(f(1))]] <e.

4.2. For a basic building block A C M, (C(X)), one can associate it with a set
of selfadjoint elements called test functions [11]. For M > 1 and S C X, a closed
subset, define

KS7M(t) = Max{Km,M(tHx (S S},
where
b t = :Z:’,

Koa(t) =1 0, t e {tld(t, ) > 1/M},
1— Md(t,2), te{t|d(t,z)<1/M}.

Kgsam®1, € Awill be called a test function. It is in the center of A. For any 6 > 0,
there is a finite subset of test functions which is é-dense in all the test functions
(for fixed M) (cf. Lemma 2.3 [11]).

Theorem. Let A = M,(C(X)) and B = M, (C(Y')) be two basic building blocks,
let a and B be two order two actions on A and B, induced by o and T, acting
on X and Y, respectively, let ' C A be a finite subset and let ¢ be a unital -
homomorphism from (A, ) to (B, ). For 0 < é < e <1, suppose that

(1) If (@) = f(£")] < € whenever d(x,x') < 6 and f € F.

(2) The eigenvalues of ¢(h)(t) and ¢(h)(s) are within &' = §/2%> one by one, in
increasing order, for all the test functions h € A associated with M =1 and
for any s and t in'Y. Here a is the number of the vertices of X.

Then it follows that

(i) There is a sub-C*-dynamical system (B°,3) C (B, 3) where B® is isomorphic
to a basic building block with spectrum a special graph, possibly non-Hausdorff,
and there exists a unital x-homomorphism ¢, from (A, a) to (B°, 3) such that

[6(f) = d1(f)ll <€, feF
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(ii) On each edge L of the spectrum of B°, without the ends being identified, there
exists a unitary W € M,(C(L)) and there exists k = m/n maps {&}F, C
C(L,X) such that fort € L and f € A,

f&(®)
P1(f)(t) = W(t) W (?).
J(&(2))

Furthermore, the variation of each of {£}¥_, over L is less than §. As a
consequence, ¢1(F) is approxgmately constant to within € in BY.
(iii) (B°,B) is isomorphic to (D, [3) where D is a basic building block with special

graph Y as its spectrum and
t]eY, geD,

for some unitary U € M,,.

Proof. The proof follows closely the proof of Theorem 5.3 of [11]. The difference
is that ¢; should be equivariant. This can be achieved by first defining ¢; on a
fundamental domain of 7 and then transferring it to the other part of Y, as in the
proof of Theorem 3.1. We now sketch the construction.

For any point y € Y, there are k points corresponding to the representation
of ¢ at Y. We want to find a group of k points of X which is invariant under
o (as a set) such that these k points are within 8 one by one with the k& points
corresponding to the 4 representation of ¢ at any point Y. By (2), two groups of
points in X corresponding to the representations of ¢ at two different places are
within ¢’ one by one. This follows from Lemma 2.3 in [11]. Fix tp € Y and let
{x;}%_, be the corresponding points in the representation of ¢ at to. If 7(tg) = to,
then x; = o(z;) and {z;}*_, = {o(x;)}¥_,. If 7 has no fixed point, we do not have
this. We now select a group of points {z}¥_, to satisfy {z/}% | = {o(z})}f_,. We
will require that {#/}%_, be close to {x;}¥_; one by one. To see this, first we notice
that {o(z;)}¥_; are the points corresponding to the representation of ¢ at 7(to).
Hence, there is a pairing between {z;}*_, and {o(z;)}%_; such that the two points
in each pair are within ¢’. Let us denote these pairs by {(z;, o(z,,))}*_,. We prove
our claim by induction on k. For k = 1, 1 and o(x1) are within §'. If they are the
same point, we take £} = 1. So we assume that they are different. Suppose that
x1 € L is an edge of X. o(z1) must be on another edge (cf. 2.2). So z; is within ¢’
to an end point of L which must be an fixed point of o. Otherwise, 21 and o (1)
should be at least of distance one. We now define x} to be this fixed point. This
completes the proof for £k = 1. Suppose that the claim is true for integers less than
or equal to k — 1. We now show that this is also true for k. If ¢ = n; for some i,
then z; must be close to a fixed point of o as we argued in the case Kk = 1. We then
take this fixed point to be z} and apply the induction to the rest of the k — 1 pairs
of points. If there is no such pair, we let 2} = x1 and x;,, = o(x1) and apply the
induction to the rest of the k — 2 pairs of points. This gives us the desired points
{x!}k_ . We will denote {x/}%_ | by {x;}k | again. We will fix t; and {x;}¥_, in
the remainder of the proof.
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By Theorem 3.1, we may assume that ¢ takes the form ensured by the theorem.
Namely, on each edge L of Y,

f(s1(t)
o(f)(t) =W(t) W*(t), telL, feA.
f(sk(t))

As in the the proof of Theorem 5.3 of [11], ¢1 will be defined by changing s;(t) to
&(t) so that at finitely many points {t;}?_; C Y which contains all the vertices of
Y and many other points we will specify later, {&;(#)}f, = {z;}F_ 1,1 =1,2,--- b,
and so that d(&;(t), s;(t)) < 6 for all t € L.

Let S C Y be a fundamental domain of 7 as described in the beginning of the

proof of Theorem 3.1. There are two cases to be considered.

Case (1). 7(to) = to.

Let L C S be an edge which is fixed by 7 (if there is such an edge). Divide L
into small intervals {[a;, a;11]}. Using the construction in Theorem 5.3 of [11] and
Theorem 3.1 above, we may define ¢ on L by:

f(&(t))
o1(f)(t) = W(?) W*(t), fe A
F(&r(t))

Here {&;(t)}F_, = {x;}F_, for t € {a;}, the partition points, (cf. Theorem 5.3 [11]).
The only difference from that of Theorem 5.3 of [11] is that {s;(¢)}¥_; must be in
the fixed point set of 0. The construction of &;(¢) on [a;,a;+1] in Theorem 5.3 of
[11] was to connect one point in the points corresponding to the representation of
¢ at a; and another point in the points corresponding to the representation of ¢ at
a;+1. These two points were close. In our case, they are all from {x;}¥_,, up to a
small perturbation within ¢’. Hence, &;(t) stays in the fixed point set of o. So they
must be in the same connected component of the fixed points of .

Let L' C S be another edge such that 7(L’) is not in S. We define ¢; exactly
the same way as in the construction of Theorem 5.3 in [11]. The map has the
expression:

f&@)

¢1(f)(t) =W'(t) W™ (t), feA
f&()

Again, {&(t)}e | = {x;}F_, for finitely many ¢t € L'.
On 7(L’'), we define ¢; by using the formula:

o1(f)(7(t) = 1 (foo)(t), tel', feA
We remark that if {€/(t)}5, = {z;}5_,, then {o(&(#)}r, = {xi}r,.

Case (2). 7 has no fix point.
We define ¢ the same way as in the Case (1). The difference in the two situations
is that we do not have o(z;) = x;. Rather, we have {z;}F_, = {o(x;)}F_, as sets.
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In summary, there exists {ti}ﬁ-’:l C Y, containing all the vertices of Y and many
other points such that

f(fﬂl)
o1(f)(t:) = Vi V*, feA.
flar)

We obtained these points by dividing each edge of Y. They were chosen to satisfy
the following: ¢; has a representation in each small interval, say [t;, t;11],

f(&(t))
P1(f)(t) = W(t) W (t), feA,
f(& (1))

where the variation of each &;(¢) is less than 6 over [t;, ;1] and d(&;(t), s;(t)) < 6.
By refining {ti}gzl at the beginning of the construction we may assume that this
set is invariant under 7.

Let W be a permutation matrix such that for all f € A,

fla(z1)) f(1)
W W =
fo(z)) f(xk)
By relabeling {x;}¥_,, we choose W as follows:
I, ® I if 7 has a fixed point,
W _ In ® Ikl
I, ® I, 7 has no fixed point,

In & Ik:1

where 2k; + k2 = k. ko is the number of fixed points in {x;}¥_,. When ¢ has no
fixed points in {z;}¥_;, k2 = 0. When o fixes every point of {z;}F_;, ky = 0. W
depends on the choice of ¢ty (and ¢) at the beginning of the proof. Changing ¢, may
change W. But it still has one of the above forms. These are the special cases.
Sometimes, we will simply write those identities by 1 with the understanding that
they should have suitable sizes. If 7(t;) = ¢;, we can choose V; = V;IW.

B° will be a C*-subalgebra of B. The elements in B° will be required to satisfy
certain conditions on {t;}%_;. We divide the construction into two cases.

Case (1). 7 has a fixed point.
In this case, we will define:

BY = {g eB |g(t1) = g(tj), for all ti,tj}.

Case (2). 7 has no fixed point.
We define B to be the C*-subalgebra of B that satisfies the following two
conditions:

(1) For ti? ti’ S S M {tj}g:h
VgtV = Virg(t)\Vir = b 7

where a,a € My, and b € Myy,.
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(11) For tj = T(ti)7
WVig(t;)ViW = Vit g(t:)Vi.
Clearly, by our choice of V}, the two conditions agree if ¢; and t; = 7(¢;)

are in S. BY C B is a unital C*-subalgebra and ¢;(A) C B°. Furthermore,
for g € B® and t;,t; € SN {tj}?:l

Vi (B(g)(t:)Vi = Vg (7 (t:))Vi
= WVig(t:)Viw~

a a

= Vi (B(9)(#)Vi
and for ¢t; = 7(¢;), notice that W* = W, we have
WV (B(g))(t)ViW = WHVirg(6)ViW = Vim (B(g))(t:) Vi
so 3(g) € B°. Hence B(B°) = B°.
We now change B into a form so that it is easier to see that its spectrum is
a special graph. This identification also carries the action. The new action is no
longer of the previous form. Let V € B be a unitary such that V(¢;) = V; and
V(t;) = ;W if 7(t;) = t;. In Case (1), W = 1. So we may choose V € B?. In
general, V is not in B°. Define D = AdV*(B). Then we have:
Case (1).
AdV*BY={g e B | g(t;) = g(t;) for all t;,t;}.

D is isomorphic to M,,(C (ff)) where Y is obtained by identifying all the points of
{t:}%_,. The special graph Y is Hausdorff. The action 3 on D has the form

Bo)([t]) = 9([r(®)D
Case (2).

AdV*BY = geEB | gt;) = g(tj) e b for all ¢;,;

a

D = AdV*BY is a basic building block with a special graph coming from identifying
all t; of Y, as its (non-Hausdorff) spectrum. At the only vertex, there are three
points. ~

Notice that V*(¢,)V (7(t;)) = W for all t;. We can induce a Zs action 8 on D by

Bo)lt] = VOV (r(t)g([r(&))V* (r(0)V (1),
where [t] is in the spectrum of D. Now (B°, 8) = (D, 3) under AdV*.

In fact, in the two cases, we can choose V' in such a way that W = V*(¢t)V (7(¢)).
Recall that the unitary W, corresponding to a pair (¢;, 7(¢;)) does not depend on t;.
It only depends on whether 7 has fixed point or not and how many fixed points are
in {z;}¥_,. Let S C Y be a fundamental domain, define V on S so that V(¢;) = V;.
Notice that if ¢;,t; € S such that 7(¢;) = ¢;, then V(t;) = V;W. The construction
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of V on S is first at the vertices of S and then interpolated in between. On Y \ S,
define V(t) = V(T_l(t>>~W. It is readily checked that V' is well defined. Now

V*(t)V(7(t)) = W. So (3 is an order two action on the special graph composing
with Ad(W). O

Remark. (a) The theorem can be extended to the case that the first algebra is
a finite direct sum of basic building blocks. To see this, notice that the central
projections of the first algebra are in the fixed point algebra. Hence, there is a
unitary U in the fixed point algebra of the second algebra so that the images of
these projections under ¢ composed with AdU are diagonal and constant. Qur B°
will be a direct sum of subalgebras of each block cut down by the corresponding
projection. On each block, one can apply the theorem. (B, 3) will be isomorphic to
a direct sum of the type of (D, 3) obtained in the theorem. In particular, restricted
to a block, W will still has one of the two forms.

(b) Another point we would like to make is that when #; is a fixed point of 7,
{x;}%_, are fixed points of 0. As a consequence, &;(t) can be chosen to stay inside
the fixed point set of o.

4.3. Let (4,a) =lim(A,, a,) be an inductive limit C*-dynamical system in the

sense of 2.1. After passing to subsequences and changing notations, one can have
the following approximate intertwining, in the sense of [6],

A — Ay — A3 — - — A
N TN T
Ay — A — . — A°

where each AY is a finite direct sum of C*-algebras of the form obtained in the
Theorem 4.2. By Theorem 2.3 [6], A° is isomorphic to A. To show that the
isomorphism ¢ from A to A° is also equivariant, recall that ¢ could be defined (see
[6]) as follows: One first defines a map ¢; from A; to A° by going across n steps,
down, and across and letting n go to infinity. Clearly, ¢; is equivariant. ¢ is the
map induced by {¢;} and hence is equivariant.

In another word, we have the following approximate intertwining (with equivari-
ant maps):

(A1,01) — (A2,0) — (A3,03) — -+ — (4,0)
\ 7 N )
(AgadQ) I (Agvdfi) —_— — (ond)

which induces an isomorphism from (A, ) to (A%, &). So we can replace the original
sequence by a new sequence so that the spectrum of each basic building block in
the new sequence is of special form. The actions are a little more complicated than
those that only act on the graphs (cf. Theorem 4.2 and Remark 4.2 (a)). We will
describe them in 5.1 below when we deal with the so-called existence theorem.

4.4. A consequence of the above is the following;:

Proposition. Let (a,a) = lim(A4,, a,) be an inductive limit C*-dynamical system.
Suppose that A is of real rank zero, suppose that each A, is a finite direct sum of
basic building blocks and suppose that each «y, is an Zy action induced by an Zs
action o, on the spectrum of A, (preserving each connected component). If each
on has a fixed point on each component, then « is trivial.
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Proof. By 4.3, we may assume that all the connecting maps have the properties
of ¢1 in Theorem 4.2. By remark (b) of 4.2, we may only need a quotient of each
A, say /fn with the spectrum the fixed point subset of o,,. We have a commuting
diagram:

(A1,a1) — (A2,02) — (43,03) — -+ — (4,0)
n VA / R B
(A1,00) — (A2,62) — (43,43) — -+ — (4,8
where @; is trivial. Hence, (A, a) is isomorphic to (A4, &) with & trivial. |

Remark. If each o, has finitely many fixed points, A is AF.

5. EXISTENCE

5.1. We will first describe the crossed product and its K-theory data of a basic
building block dynamical system obtained in the Theorem 4.2. Let X be a special
graph with the only vertex z, let A C M, (C(X)) be a basic building block, and
let o defined as

a(f)(t) =Wfle@)W", teX, f[feA,

be an Z5 action. There are two cases: W = 1 and W = 1 to be
1

considered. Here the 1 in the upper right corner and lower left corner are the same

size and the one in the middle may have a different size (and one of them could be

zero, cf. 4.2).

Type 1:  In this case « is implemented by W = 1 and o. X has | + 2k edges
(circles joined at the Only vertex l’o): Ll, LQ, cee ,Ll, L117 s ,le, L21, s ,Lgk. g
fixes L1, -, L; and maps Lq; to Lo;. (I or k could be zero. They are special cases.)

To compute K.(A), let I € A be the ideal with those elements that vanish at zo.
One has the following four-term exact sequence coming from the six-term exact
sequence:

0 — Ko(4) — Ko(A/I) — Ki(I) — K1(A) — 0.

It is then ready to check that Ko(A) = Ko(A/I) = Z and K (A) = Ki(I) =
Z' @ Z*F @ Z*. Here each copy of Z corresponds to a circle of X. a, acts trivially
on K((A) and interchanges the last two components of K;(A).

We now compute the crossed product. Let S =Ly V- ---VL;VLi1V---V L.
S is a fundamental domain of o. For any f + gU, € A X, Z3, we map it to

( ! g ) in the following algebra:

goo foo

B_{FEMQn(C(S))|F_ (Z 2)011 le...le}.

Here U, is the canonical unitary in the crossed product. Let R = % < _11 1 )
Then
Ad(R)(B) = {F € M2, (C(9))|F = diag(a,b) on L1 V---V L;}.

This gives an isomorphism of A x, Zs with Ad(R)(B), isomorphic to a basic
building block with spectrum S and with multiple edges. Namely, the elements of
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Ad(R)(B) are of block form on Ly V---V L;. Now Ky(AX,Z2) can be identified with
72 and K (A X Z3) can be identified with Z! @© Z' @ Z*. This comes directly from
the six-term exact sequence of the K-groups by taking the ideal of A x, Zs which
contains all the elements that vanish at xp. a. can be described as interchanging
the two components of Ky and the first two components of K1. Here &(f + gU,) =
f—gU, is the dual action. The special element can be computed, after compressing
the identifications, as:

50400 =[50+ 0] =000

The natural map from Ky(A) to Ko(A X4 Z2) is by sending z to (z, ). The natural
map from K7 (A) to K1(A X Z2) is by sending (a, b, ¢) to (a,a,b+c). These directly
come from the embedding of A into A X, Zs.
1
Type 2:  « is implemented by W = 1 and 0. X has 2k edges
1

X=L11V---VLiyV Ly V---V Log. o interchanges Lq; with Lo;. There are three
blocks at zg. Ko(A) can be identified with Z2 corresponding to the three blocks.
Take three rank one projections going through each block, respectively; they form a
set of generators of Ky(A). In particular, we may choose constant ones. K7 (A) can
be identified with Z* @ Z*. «, interchanges the first and the last components of
Ky and the two components of K1, [14] € Ko(A) is (n1, n2,ny) with 2ny +ny = n.

Let S = Lq11V---V Ly be a fundamental domain of 0. A X, Z> can be identified
with Moy, over S with fibers isomorphic to Ma,, & My, ® M,, at xo. To be more

. o foog )
recise, the identification is as follows: we send f + gU, to to
¥ rratato (ol ol

obtain:

A Xq Zo ={F € M, (C(S)) | F(xo) = ( W;W* W;W* >}'

Notice that the fiber of A X, Z5 at xy is isomorphic to the crossed product of
M,, & M,, & M,,, by AdW). It is Moy, & My, & My, (cf. [7]). Combining them
together will be our identification. Ko(A X, Z2) is hence Z3 and K(Ax Z3) = ZF.
d, acts trivially on K7 but interchanges the last two components of K. The special
element will be (n1,n9,0). The map from Ky(A) to Ko(A X4 Z2) is to send (x,y, z)
to (x4 2,y,y) and the map from K7(A) to K1(A X, Z2) is to send (x,y) to (z+y).
We remark that these computations are similar to the finite dimension situation
dealt with in [7].
As we pointed out in 4.2, n; and ny could be zero.

5.2.  The following is the main theorem of this section.

Theorem. Let (A, ) and (B, 3) be two basic building block C*-dynamical systems
of the types in 5.1. Suppose that ¢ = ¢g B ¢1 is a dimension range preserving
group homomorphism from (K.(A),a.) to (K«(B),B«) mapping [14] to [15] and
suppose that (E) = (2)0 &) ¢~>1 is a dimension range preserving homomorphism from
(K.(A X o Za), %) to (K.(B X Za), 3.) mapping the special element to the special
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element. Suppose further that the following diagram commutes:
K.(4) —  K.B)
1 1
K*(A Xa ZQ) — K*(B X3 ZQ)

Then there exists a unital x-homomorphism ¢ from (A, «) to (B, 3) such that 1

induces ¢ and the extension of ¥ to A X Zo induces ¢.

Proof. We will use the notation in 5.1 for A. For B, we will use ‘dash’. For example,
B C M,/(C(X")), etc. Note that (in general) if we could define a unital ¢ from
(A, ) to (B, ) to induce ¢, it will preserve the dimension ranges and the classes
of the identity. Let 15 be its extension to the crossed product. z/;* will intertwine
the actions &, and B* It will send the special element to the special element. It
will also induce the commuting diagram:

K.(4) — K.(B)

! !
K.(AxaZs) — Ku(BxgZs).

It is not clear though that z/;* = q~5 We will see that z/;* does equal q~5 in our special
cases.

(a) (A, ) is of type 1.

We first consider the case when (B, ) is also of type 1. Write ¢1 = (¢ij)§)j:1.
Since ¢ intertwines the actions a, and ., one has

b1 P12 P12
1=\ ¢ P22 @23
$21 P23 P22
Similarly,
5 11 P12 P13
pr=1| ¢12 P11 ¢13
G311 P31 P33
By the commuting diagram, one has
P13 = P12,
P31 = @21,

P33 = ¢a2 + (o3,
o+ b2 = b
o is just an integer n//n. Write ¢o = (a;;)?. Since it intertwines the dual ac-

a1l a2

tions ¢~>0 =
’ a2 a11

). Now the commuting diagram gives ai; + a;2 = n’/n.
The condition on the special elements gives a;1n = n’ and ajon = 0. Hence q?)o
= < n'/n ' Jn ), completely determined by ¢o. Take ((1,0),(1,0,0)) €
K.(A X4 Z3) to be in the dimension range. Then

((n’/n,()), (611, D12, &31)) AR VAR VAN VA

(cf. 5.1). Since the second component of Z 2 corresponds to the second copy of zv
in the dimension range. Hence, ¢12 = 0. Now ¢; is determined by the entries of

1.
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So if we could define a unital *-homomorphism v to realize ¢ and to intertwine
« and 3, then ¢ will realize all other K-theory data.

Let S’ C X’ be a fundamental domain. Define a map 7 from S’ to X, according
to ¢1 as follows: On each circle of S, n(t) will go around the circles of X. The
winding numbers will be the entries of the first two rows of ¢1. On X'\ S’ define

n(t) = o~ (n(7(t), teX'\S"
The map 1 defined by

V() = . fEeA
f(xo)

is equivariant. Clearly, 1 induces ¢¢ and ¢1. The extension of ¥ to A X, Zs
automatically induces ¢Z0 and él.

Next, we assume that (b, 3) is of type 2.

Write ¢1 = (¢;) as a two by three matrix. Since it intertwines the actions, one

has
b = < P11 P12 P13 )
! $11 913 P12 )

Similarly, one has
le == (éll) &117 ¢~)13)'

By the commuting diagram,

{¢11 = ¢11,
¢13 = P12 + ¢i3.

¢o can be identified as (a,b,a) and $o can be written as

5 ailp  an
o= | az ax
az2 G21
By the commuting diagram, one has
a; = a,
a1 + az = b
The condition on the special element gives us
a a nj
n /
az1  G22 0o )= | ™
az2  a21 0

Hence, ase = 0. ¢~>0 and (/7)1 are determined by the entries of ¢ and ¢, respectively.
Again, it suffices to define a unital *-homomorphism from (A, «) to (B, ) to
realize ¢.
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Define a map n from S, a fundamental domain of 7, to X, according to the first
row of ¢ in the sense of the previous case. Define 1 as follows:

f(n(®))
() = ool N , tes, feA
f(xo)
On X'\ 5, define
floon(r=1(t)))
f(zo)
() =w" . W, feA

f(xo)

1 is well-defined since n(xf) = . Furthermore, a direct computation shows that
1) is equivariant.

(b) (A, «) is of type 2.

First consider the case that (B, 3) is of type 1.

Write ¢o = (a,b,a) and write

do = ailr @12 a13
ailr @13 012
We can do this because these two maps respect the corresponding actions. The

commuting diagram together with the condition on the special elements give the
following:

ain = a3 = a = 0,
a1 = TL//TLQ = b

So ¢o = (0,b,0) and ¢ = ( 8 8 2 ) Take n = ((1,0,0),z) € K.(A)" for any

x € Kl (A),
¢(n) = (0, ¢1(z)) € K(B)".
Hence, ¢1 = 0.
To construct ¥, write o = (z;)5_;. Define
g9(@2)
P(g)(t) = , teX, geA
g9(@2)
Since a(g)(zo) = diag(g(x3), g(x2), g(21)), ¥ is equivariant.
Next, let (B, 3) be of type 2. Write ¢o = (ai;)7 =, and ¢o = (aij); ;—,. Since
they intertwine the corresponding actions, we have

a1 a2 ais
¢0 = a21 Qa22 421
a1z a2 aii

and
ailr a2 Gi2

a1 Q23 (G22
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By the commuting diagram, we have

ain = a1+ ais,
a2 = a2,
as1 = aoi,
a3 + a2 = a2.

The condition on the special element gives us

!/
B nl nl
!

¢0 n2 = Ny )
0 0

i.e., as1 = as3 = 0. (2)0 is completely determined.

Write ¢1 = < zii zﬁ ) . By the commuting diagram, $1 = ¢11 + ¢12. Since

a1 Ga12 a3
o = 0 ax O )
a1z aiz2 ail

and since ¢ sends [14] to [15], ass # 0.
If a11 = a13 = 0, ¢1 must be trivial. This is because ¢ preserves the dimension
range. More precisely, take n = ((1,0,0), (x,0)) or n = ((1,0,0), (0,y)) in K.(A)T,

¢(77) = ((Oa 0, O)a $1 (JZ, O)),

¢(77) = ((07 0, 0)7 ¢1 (07 y))

So ¢1 = 0. Now % can be defined as in the previous case by putting g(zo) along
the diagonal for g € A.

Assume that a1 + a3 # 0. Take a fundamental domain of 7, say S’. Define a
map 7 from S’ to X, according to the first row of ¢; (to give the winding numbers),
such that n(xzj) = zo. Namely, the induced map from C(X) to C(S’) gives the
K1 = (¢11,¢12). Let V € M/ be a permutation unitary and define for g € A and
te s,

P(g)(t) =
g(n(t))
g(1)
g(r1)
g(r2)
Vv Ve
g(x2)
g9(3)
g9(x3)
such that at t = (z(),
§1(9)
Y(g)(xp) = £2(9)

€3(9)
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where
g(x1)
g(1)
g(2)
§1(g) =
g(r2)
g(w3)
g(x3)
with ay; copies of g(z;).
9(2)
§2(9) =
g(z2)
with a2 copies of g(z2).
g(3)
g(w3)
g(2)
&3(9) =
g(r2)
g(1)
g(x1)

with a11 copies of g(z3), a2 copies of g(z2) and ay3 copies of g(z1).
For t € X'\ &', define

P(g)(t) = W p(a(g)) (1 (1) W'
First, at t = x{,, compute
U(g)(xh) = W (alg)) (x5) W'
So 1 is a *-homomorphism from A to B. Secondly, for ¢ € S/, we have
B(9)(t) = W e(g) ()W’ = v(alg))(t)

and for t € X'\ S’ notice that W'2 = 1, we also have

B(9))(t) = W (g)(r()W'™* = W 2p(alg) ()W 2 = p(alg))(t).

So v is equivariant. Now it is readily checked that £ is a desired map.

4215
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5.3.  We must show that one can generalize the theorem to the case when the first
algebra is a finite direct sum of basic building blocks. The proof is to reduce this
case to the Theorem 5.2.

Corollary. Let (A1 ® Az, a1 B az) and (B, ) be two C*-dynamical systems and
assume that (B, 3) is a basic building block C*-dynamical system and each (A;, «;)
is a finite direct sum of basic building block C*-dynamical systems in the sense
of 5.1. Suppose that ¢ is a dimension range preserving group homomorphism
from (K. (A1 & Az), (a1 & a2)s) to (Ki(B),Bs) mapping [1a, & 1a,] to [Ip] and
suppose that ¢ = ¢g ® ¢1 is a dimension range preserving homomorphism from
(K. (A1 ® A2) X ooy Zo, (01 @ ), to (K.(B X3 Zs), B.) mapping the special ele-
ment to the special element. Suppose further that the following diagram commutes:

K*(Al @Ag) — K*((Al @Ag) X oy Bag ZQ)

| !
K.(B) — K.(B %3 Z3)

Then there ezists a unital x-homomorphism v from (A1 @ As, a1 ® as) to (B, 3)
such that v induces ¢ and ¢.

Proof. We will reduce the problem from A; @ Ay to A;. The Corollary then follows
from Theorem 5.2 together with the induction. The idea is to construct a projection
P; € B and then consider (4;, a;) and (P;BP;, 3). The proof will be divided into

two cases.

Case 1. (B, () is of type 1.

Let B = M,,(C(Y)) and let 8 be implemented by 7. Recall from 5.1 that
Ko(B) = Z and Ko(B x4 Z2) = Z2. Let U,, be the canonical unitary in the
crossed product A X, Z2 and let

Q’SO < ]:A 70> = (‘Tl?yl)'

Since ¢ intertwines the dual actions, one has

&0( % 70> = (yl,.'L']_).

Combining them together and applying the commuting diagram, one has

éo([lAlLO) = (jB)*(bO([IAl]?O) = (wl + Y1, 21+ yl)
where jp is the natural map from B to B X, Za. This gives us ¢g([14,],0) = z1+y1.

Similarly, ¢o (0, [%D = (72,2) with ¢o(0,[I4,]) = @2 + y2. Since ¢o
maps the special element to the special element, one has

(x1 + z2, 51 +y2) = (M, 0).

Notice that x;,y; > 0, one has y; = 0 and =1 + z2 = m.
Let P be a constant diagonal projection in B such that [P] = x;. Notice that
P is in the fixed point algebra B®. Hence 3(PBP) = PBP. Now (PBP, 3;), with
B1 = Blpep, is a type 1 C*-dynamical system.
The embedding ip of (PBP, 1) into (B, ) gives rise to maps from (K,(PBP),

B1.) to (K.(B),3.) and from (K.(PBP x g, Z3), 1+) to (K.(B %3 Zs), 3.). They
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are automatically dimension range preserving isomorphisms. More precisely, they
are identities on the direct sums of Z. Hence, we have the following diagram:
K.(PBP) = K.(B) — K.(A;1®0)
1 | |
K*(PBP X, Zg) = K*(B X Zg) — K*(Al @0 Xa,mas ZQ)
Furthermore, the two rows in the diagram respect the corresponding actions, re-
spectively.

By the above diagram, we can define two maps from K,(A; ¢ 0) to K.(PBP)
and from K.(A1 ®0 Xq,00 Z2) to K.(PBP xg Zs) , respectively. (PBP, 31) was
constructed to satisfy the condition of the the Corollary 5.3. So, applying the
Theorem 5.2 together with the induction, we obtain a unital *-homomorphism
from (A1, aq) to (PBP, 1) to realize the K-theory data associated with these two
C*-dynamical systems. Similarly, there exists a unital *-homomorphism 9 from

(A2,a2) to (1 = P)B(1 = P),Bl1-p)B(1-P))- Now, ) =ip oty +i1_pyorhs isa
desired map.

Case 2. (B, () is of type 2.
Let B € M, (C(Y)) such that the fiber at yo is M; & M), @© M;. Let

bo ([%} ,O) = (21,y1,21). Then ¢ ([%} ,O) = (x1,21,y1). This
gives us (E)O([IAI], 0) = (2z1,y1 + 21,41 + 21). Use the notations in Case 1,
(jB)+®0([1,],0) = (2z1,y1 + 21,91 + 21).
Write ¢o([I4,],0) = (u,v,w). Then
{ u+w = 2x1,
v =1y + 21.
Since [I4,] is invariant under aq,, we have u = w. Hence

#0([14,],0) = (21,91 + 21, 71).

Similarly, we have

%o (0, [%D = (22,2, 22),

¢0(0, [14,]) = (w2, 92 + 22, x2).
The condition on the special elements gives us z; = 20 = 0, 1 + 22 = [ and
y1 = y2 = h. Finally,

¢0([IA1]70> = (x1,y1,x1).

Let P be a constant diagonal projection in B? such that [P] = (x1,y1,21).
Again (PBP, 3|pgp) is a basic building block C*-dynamical system. It is of type
1if ;1 = 0. As in Case 1, we can define ip and ip. Again, we have the following
diagram similar to the one we obtained in Case 1:

K*(PBP) — K*(B) — K*(Al@())

| ! !
K.(PBP x4, Z3) — K.B) «— K.(A1®0Xa, 00, Z2)

Here the two right pointed maps in the upper row and the down row, respectively,
are injective. So one can define the inverse on their images. The two images under
the two left pointed maps are in the images of the right ones, respectively. Applying
exactly the same argument as in the Case 1, we reduce to the C*-dynamical systems
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(A1,01) and (PBP, 1) to satisfy the condition of the Corollary 5.3. We can do
the same thing to (1 — P)B(1 — P). Putting them together and applying induction
and the Theorem 5.2, we have the desired result.

|

6. UNIQUENESS

In section 5 we were able to lift K-group maps to a x-homomorphism between the
corresponding C*-dynamical systems. Two such liftings can be very different. In
this section we will show that under certain conditions two liftings between finite
direct sums of basic building block C*-dynamical systems considered in 5.1 are
approximately unitarily equivalent via a unitary in the fixed point algebra, on a
given finite subset of approximately constant elements in the sense of the definition
6.3 below.

6.1. First, a definition.

Definition. Let A and B be two basic building blocks with special graph spectra
X and X', and with generic fibers M,, and M,,, respectively. We will say that a
unital *-homomorphism ¢ from A to B has standard form, if

(i) On each edge L of X', identified with I = [0, 1], without the end points being
identified, ¢ has the following expression:

f(s1(t)
o(f)(t) =U(t) U*(t)
f(sa(t))

for t € [0,1] and f € A. Here U € M,/ (C[0,1]) and {s;}{—; C C(I,X).
(ii) After identifying each edge of X with [0, 1], each of {s;(¢)}%_, has one of the
following forms:

{t, 1—1t, a vertex point}.

For a x-homomorphism ¢ with standard form, we will call {s;(¢)}?_; the eigen-
value structure of ¢ (on L).

6.2. The following lemma serves as a tool to reduce the so called uniqueness
theorem from finite direct sums of basic building block C*-dynamical systems to
single ones.

Lemma. Let (41 @ Az, a1 @ a2) and (B, ) be two C*-dynamical systems where
(B, ) is a basic building block C*-dynamical system and where each (A;, ;) is a
finite direct sum of basic building block C*-dynamical systems in the sense of 5.1.
Suppose that ¢ is a unital x-homomorphism from (A1 ® As, a1 @ ag) to (B,[)
with the property ensured by Theorem 3.1 (c¢f. Remark 3.1). Then there exists a
unitary U € BP such that U¢(1,0)U* and U¢(0,1)U* are two constant diagonal
projections.

Proof. Tt is enough to consider ¢(1,0) since the result for ¢(0,1) will follow auto-
matically. Recall that on each edge L (always a circle) of Y, the spectrum of B,
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identified with [0, 1], ¢(f,0) has the expression:
f(&(®)

SL.0)(1) = V(1) AL V()

fort € L and f € A (cf. Theorem 4.2 (ii)). In particular,

¢@®@_Vm<1O)VWLtGL
We consider two cases separately.

Case 1. (B, ) is of type 1 with B = M,,,(C(Y)).
Let 7 be the action on Y that implements 3, let S C Y be a fundamental domain
of T and let L C S. Since

vo (' )vo-va(l ).
V*(1)V(0) must be of diagonal block form

vww@=<“‘é)

Let X € M,,(C(I)) such that X commutes with 0
I and X (1) = V*(1)V(0). Denote V()X (¢) by U(t). Then

dL@@-U@(l O)W@Ltea

and U(0) = U(1) = V(0).
Let L' C Y \ S be an edge with 7(L) = L’. We have for t € L

¢(1,0)(7(t)) = (B(1,0))(t) = ¢(a(1),0)(t) = ¢(1,0)(2).
So we may use the same U on L’ to diagonalize ¢(1,0). This computation also
includes the case that L = L’. Let L; and Ly be two different edges that meet
at the vertex yo € Y. Suppose that the unitary to diagonalize ¢(1,0) is U; and
Us on Ly and Lo, respectively. Since U3 (0)U;(0) = Us(1)Ui(1) commutes with
1

and such that X (0) =

g | wemay change Us so that Us(0) = Ux(1) = U1(0). Now it is clear that
there exists U € B such that

dLm—U<1 O>Uf
Since we use U(7(t)) = U(t), U € B".

Case 2. (B, ) is of type 2.
Suppose that at yg, the only vertex of Y, B has fiber M; & M) & M;, 3 is
1

implemented by 7 and W = 1 (see 5.1). Notice that yo is the only
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fixed point of 7. Let S C Y be a fundamental domain and let L C S be an edge
identified with [0, 1]. Changing V' by a permutation, we may write
o(L,0)(t) =V () PV*(t), telL,

where P = diag(Py, P,, P1) € B? is a constant diagonal projection. The con-
struction is similar to the construction in Case 1. Next, we will change V so that
V(0) = V(1). We will also change them once more so that these V' on different
edges agree at yo. Compute:

$(1,0)(0) = ¢(1(1),0)(0) = B(¢(1,0))(0) = We(1,0)(0)W™.
Since ¢(1,0)(0) € M; ® M}, ® M; and since ¢(1,0)(0) commutes with W,

a

¢(1,0)(0) = b

a
Hence there exists a unitary Z € M; & M;, & M;, commuting with W such that

Py
#(1,0)(0) = Z P, Z*.
Py

Here Z and P = diag(Py, P2, P1) are all in B®. Now
V(0)PV*(0) = ZPZ*
V*(0)Z commutes with P. Notice that for ¢ € L,
¢(1,0)(t) = V(£)(V*(0)2)P(Z*V(0))V*(t).
So we may replace V(t) by V(£)V*(0)Z. V(0)V*(0)Z = Z commutes with W. We
remark that Z does not depend on the edges.
First, let L C S’. Define U(t) on L by V()V*(0)Z. On L' = 7(L), define
U(r(t)) = WU (@t)W
Since U(0) = V(0) (see the proof of Case 1). U € B? is well-defined. O

The following Proposition will be used in the proof of the uniqueness theorem.

Proposition. Let (A,«) and (B,3) be two finite direct sums of basic building
block C*-dynamical systems in the sense of 5.1 and let ¢ and ¥ be two unital *-
homomorphisms from (A, «) to (B, ). Suppose that ¢ and b are of the standard
forms. For any € > 0 and for any finite subset F C A, if
(i) Ko(¢) = Ko(v) and they intertwine au. and By,
(ii) ¢ and v have the same eigenvalue structure on each edge of the spectrum of
B.

Then there exists a unitary U € B® such that

[US(HU" = ()l <e.

Proof. If all the actions are trivial, this is the Proposition 7.3 of [11]. We will
modify that proof so that U € B”. By the Proposition 6.2, we can reduce to the
case where both (4,«) and (B, () are single basic building block Cx-dynamical
systems. We divide the proof into two cases.
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Case 1. (B, 3) is of type 1.

Let B = M,,(C(Y)) and let 7 be an action on Y that induces 5. Define U €
M, (C(S)), where S is a fundamental domain of 7, as in the proof of Proposition
7.31in [11]. On Y \ S, define U(t) by U(7(t)). Since the definitions agree at yg, the
vertex of Y, U € B. Furthermore, U is defined to be in BP.

Case (3). (B, f) is of type 2.

Use the notation in Case 1. Assume that the fiber By of B at yg, the vertex
of Y, is M; ® My, ® M;. Let I € A and J C B be the ideals that consist of
elements which vanish at the vertices of X and Y, the spectrum of A and B,
respectively. ¢ and ¢ induce maps from A/I to B/J, « and ( induce actions,
still denoted by « and 8, on A/I and B/J too. This is because ¢ and ¢ have
standard forms. Furthermore, (Ko(B),8.) = (Ko(B/J),B«) and (Ko(A), o) =
(Ko(A/I), a), under the quotient map. This follows from fact that the connecting
maps in the six-term exact sequences are zero.

Restricted to the quotients, we are in a finite dimension C*-dynamical system
situation. By Theorem 4.1 (Case 4 in [7]), there exists a unitary Up in By that
commutes with W such that

Uod(f)(w0)Us = ¢(f)(yo)

for all f € A. Here W is the unitary part of 3 (see 5.1).

Now the rest follows from the proof of Case 1 together with the proof of Propo-
sition 7.3 in [11]. Namely, first define U on S, a fundamental domain of 7, with
U(yo) = Uy, then transfer it to Y\ S by 5. Since U(yo) = Up and since it commutes
with W, U is well-defined and U € BS. O

6.3. Before we state and proof the uniqueness theorem, we need to refine the
notation of approximately constant elements. Let B C M,,(C(Y)) be a basic
building block and let (B, 3) be a basic building block dynamical system considered
in 5.1, where 3 is implemented by an order two action 7 on Y and an order two
unitary W in M, (could be identity). Denote the edges of Y by Ly, Lo, ..., L;.

Definition. Let (B, 3) be as above, let F C B be a finite subset and let ¢ > 0.
We say F is approximately constant to within € associated with B if there exists a
unitary V = @221 Vi e 692:1 M, (C(L;)) such that for f € F, s € L; andt € L;,

[AdVi(s)f(s) — AdV; (D) f (D] < €
and such that V;(7(t)) = V;(O)W if 7(L;) = L;.

We remark that the approximately constant elements we obtained in Theorem
4.3 (in B?) were indeed approximately constant to within e associated with 3|go.

Theorem. Let (A,«) and (B, [3) be two finite direct sums of basic building block
C*-dynamical systems in the sense of 5.1 and let ¢ and ¥ be two unital *-homo-
morphisms from (A,a) to (B,3). Let € > 0 and let F C A be a finite subset of
approximately constant elements to within € associated with o. Suppose that
(i) K. = K., and
(ii) @ and v have the form insured by the Perturbation Theorem 3.1 such that the
variation of each generalized eigenvalue map is within 1/4 on each edge of the
spectrum of B.
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It follows that there exists a unitary U in BP such that

|US(F)U* —b(f)| < 21e

forall feF.

Proof. By the Proposition 6.2, we may assume that both (A,«) and (B, ) are
single basic building block C*-dynamical systems. We divide the proof into two
cases. We will use the notations in the beginning of this section for (B, ().

Case 1. (B, ) is of type 1.
Let L be an edge of Y, identified with [0, 1], write

g(Aa(t))
P(g)(t) =V (t) V*(t)
g(Ak(t))

fort € L and g € A. Let o and W implement «. For 7(t) € L' = 7(L),

a(g)(M(2))
¢(9)(7(t)) = V(1) VE().
a(g)(Ax(t))

This is the condition (for all the pairs L and 7(L)) that ¢ is equivariant. We
are going to deform and perturb ¢ into standard form. The perturbation will be
small and it will not change the induced maps, obtained in the middle stages, on
K-groups. The operations will be similar to those in the proof of Theorem 7.4 in
[11]. The difference is that the maps should be always equivariant.

(a) Deformation inside an edge of Y.

The first step is to deform ¢ to ¢(!) such that the eigenvalue maps, still denoted
by {\i}%_;, have the property that );(t) achieves the vertex xo of X only at some
of the following three points ¢ = 0,1/2 and 1 unless J); is a constant map xg. The
deformation is the same as that in the proof of Theorem 7.4 of [11], Step 1 and
Step 2. Let [¢,d] C [0,1] = L such that \;([c,d]) is inside an edge L of X, Let
51(t) be defined on [c,d] with s1([c,d]) C L. Let H(s,t) be a deformation of \; to
s1 such that H(s,0) = A(c) and H(s,1) = A\1(d). We will define a deformation ¢,
such that ¢9 = ¢ and such that the eigenvalue maps of ¢1 are Aj, A5, -+, \; and
A} = s1 on [¢,d]. Furthermore, ¢4 is equivariant.

On L, for t € [e,d] and g € A, define

27 (M (6)(Z29Z7)(H (s, 1)) Z (A (1))
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where Z(t) € M,,(C(L)) such that Z fZ* is almost constant to within € over L. On
7(L), define

W (W2 (1))

B(9)(1) = Ad | V() :
1
(20 )WaW 2 (0™1)) o(H(s,1))
a(g) e (1)
Z0O)ZHE)
= Ad | V()
1

a(g)(H(s,1))

a(g)(Ak(t))

For the time being define ¢, to be ¢ at other places of Y. Then ¢, is equivariant.
Notice that this construction can be carried out for As...\; and on other pairs of
edges of Y at the same time.

We need two more deformations to obtain ¢!). Let us summarize as follows.
Suppose that A1(t1) and Ai(t2) are 29 and A (¢) stay in an edge of X over [t1,ta].
Then this type of deformation will deform A (t) into g over [t1,ts]. The second
deformation will be shrinking zo over an interval in L. More clearly suppose that
A1(t) = zo on [a,b] C (0,1), we may deform it to a new one A; with only A;(a) =
2o. The third deformation will be moving a to 1/2. Together we need three
deformations and hence 3e. The deformations are the same as those in the proof
Theorem 7.4 of [11], Step 1 and Step 2. The final map, say ¢(1), has the desired
property. We will denote ¢(*) by ¢.

(b) Deform at yo.

The purpose of this is to deform \;(yo) to zp so that the new map has standard
form. This kind of deformations can be found in the proof of Theorem 5.4 of [11],
Step 4. Recall that at yy , ¢ has representations:

g(A1(v0))
#(9)(vo) = V(o) V*(yo),

9k (o))
a(g)(M(yo))

?(9)((y0)) = V(o) V*(g0)-
a(g9)(Me(yo))



4224 HONGBING SU

This gives us

g(M) Wa(o(A))W*

g(n)  Wgle ()

for all g € A. Here A\; = A\;(yo). If xo is a multiple point, then z¢ = (xo1, o2, To3)
or g = (zo1,Z02)). If A\; is one or two vertex points but not a whole vertex xg,
Wg(o(Xi))W* just means a(g)(\;). Notice that we did not change these points in
(a). We will not change them in the following operations.

The above equation gives {\;}X_; = {o()\;)}r_; as sets. We would like to see
what is required to move those non-vertex points. Suppose that Ay = o()\;). Then
o(A1) = A If we deform A to A} € X, we must deform A; to o(A]) at the same
time to ensure that the maps are equivalent during the deformation. For the sake
of notation, let us assume that i = k = 2. We view this as a two by two block of
the original one. W is then a permutation matrix.

Let \1(0) € L € X and assume that A\; # 9. Now o(A\(0)) = X2(0). Let
H(s,t) be a deformation of \; (t) to s1(t) with ¢ € [0,1/2] and with s1(t) € L. Here
H (s,1/2) = A1 (1/2) = 51 (1/2). Using the notations in (a) on L, define

oo =aa (vio (7))

< (Z9Z*)(H (s, 1)) )
(Z1927)(0(H (s, 1)) )
where ZgZ* is almost constant on L and Z;gZ; is almost constant on o(L).
For 7(t) € L', define

oula)(r() = ., O
* 1 t
Ad (Vl ®) ( 0 Z: (a(1)) ))
( Z(o=YYWgW*Z* (o= (o (H(s,1))) o 0 ) |
0 Zl(a_l)WgW*Zf(a_l)(H(s,t))

Notice that Z;(o(t)) = Z(t)W, by the definition of approximate constant associated

with 8. Here, V;(t) is the unitary corresponding to the representation of ¢ on 7(L).
Since ¢ intertwines a and 3, Vi (t) = Ad < (1) (1) ) V(¢).
At t = yg, one has on the one hand,

¢s(9)(yo) = Ad (V(yo)< 7o) Zt(A2) ))

( (Z9Z*)(H(s,0)) )
(Z1927)(0(H (5, 90)))

and on the other hand,
¢s(9)(1(y0)) = )
aa (v (ZO L 00))

( AdZ(H s, 90)W)glo(H (s, 50)) )
Ad(W* 23 (5= (H (5, 90)))g (H (5, 0))
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So they do agree. If we do the same at ¢ = 1, then ¢, is well-defined. After doing
this, ¢ becomes a map from (A, ) to (B, (), changing A1 (0) to s1(0) € L.

Let ¢ be obtained in (a). For those eigenvalue maps A; with A; (1/2) = o,
using the deformation described above, deform \;(0) to z along the shortest route.
Deform X;(1) to zy along the same direction. Since the variation of each \;, after
the deformation in (a), is within 1/4, each new eigenvalue map stays in one edge
of X. Apply the deformation in (a) again; we may put them into standard form.
The new map and ¢ differ by 2¢ + 3¢ = be on F'. We will denote the new map by
¢ again.

(c) Perturbation inside each edge of Y.

Let L be a circle of X. Suppose that on L C Y, ¢ has the representation in
(a). If A;(L) = L and \y(L) = L but they go in different directions, we would like
to cancel them in the sense of [11] (Theorem 7.4, Step 5). More precisely, since
A1 (1/2) = X2 (1/2), one can perturb A; and A2 to two new maps so that they do
not cross over. This is a technique introduced in [5] and used in [6] and [11]. After
this perturbation, A\; and A2 become 5\1 and 5\2 such that they do not complete a
circle. We may require the resulting map and ¢ differ within € on F' as well as on
the generators of K. Finally, we put each eigenvalue map into standard form by
using the operation (a).

After these three steps, ¢ becomes ¢(1). ¢ and ¢(!) differ 7e on F. Furthermore,
K.(¢) = K.(¢V). Similarly, we may turn ¢ into (! such that ¢ and ™) differ
7e on F and such that K.(¢) = K.(¥M). Now ¢(!) and ¢(!) are of the standard
forms. Since K1 (™M) = K (¢M), 1) and ¢™) have the same eigenvalue structure.
As a consequence of Proposition 6.3, there exists a unitary U € B such that

[UeM (YU =D (f)|| < Te, fEeF.
Finally,
|US(f)U* —(f)| < 21e, feF.

Case 2. (B, () is of type 2.
Suppose that g is implemented by 7 and W (cf. 5.1). Let L be an edge of Y
and let L' = 7(L). Write

g(A1(1))

and

P(9)(r(t)) = WV (t) vwr
a(g)(Ax(t))

fort € L and g € A. Tt is clear that the operation (a) of Case 1 can be carried out
here exactly the same way.
To examine operation (b), let us look at the only fixed point yo of 7. One has

g(A1(0))
?(9)(yo) = V(0) V*(0)
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and

a(g)(A1(0))
¢(9)(yo) = W*V(0) V(oW

w g9(e(Mi(0)))
= Ad | WV (0)

W  glo((0)))

Same as in Case 1, if A1(0) = o(\;(0)) then we should deform A;(0) and \;(0) at
the same time. It will not destroy the above equality.

As for operation (c), the same deformation as in the Case 1 works. We complete
the proof of the theorem by applying exactly the same deformations and perturba-
tions as in the Case 1 to ¢. O

7. THE CLASSIFICATION

7.1. Given an inductive limit C*-dynamical system (4, a) = liin(An7 ay,) consid-
ered in 2.1. By 4.3, one may replace it by another sequence such that the spectrum
of each basic building block is a special graph and each connecting map has the
property ensured by the Perturbation Theorem. Furthermore, the variation of each
eigenvalue map of each connecting map is small over an edge of the spectrum of a
basic building block. Using the operation (b) in 6.3, one may deform each of the
eigenvalue maps so that it will not take a vertex value in the interior of an edge
unless it is a constant map. Now each of these maps stays inside an edge and the
variation of each map is at most three times the previous one. The purpose of doing
this is to ensure that the composition of eigenvalue maps still has the form ensured
by the Perturbation theorem. We remark that we can do these without changing
A. This follows from the standard intertwining argument of [6]. In the case that
there were no actions, this was done in [6] and [11]. In the present case, the maps
in the middle stages of the perturbations and deformations should be equivariant.
We showed in Theorem 3.1 and 6.4 that this was possible.

We summarize the results in the following proposition.

Proposition. Let (A,«) = lim(A,, a,) be an inductive limit C*-dynamical system

considered in 2.1. Then there exists a sequence (B1,31) — (Ba,82) — -+ of finite
direct sums of basic building blocks of C*-dynamical systems, with the same limit
(A, @), having the following properties.

1. Each (B, By) is a finite direct sum of basic building blocks in the sense of
5.1.

2. The connecting maps have the form obtained in Remark 3.1. More precisely,
let ¢ nt1 be the map from By, a finite direct sum of k copies of basic building
blocks, to Byp+1 and let ¢ be this map composed with the quotient map from
By+1 to a summand. Then for fi1 & --- @ fr € By, and t in an edge L of the
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spectrum of that summand, ¢ can be written as:
O(fr @@ fu)(t) = AdU(t)
fi(s1(t))
fi(sp(t))

Je(m(t))

fr(nq (1))

where U(t) and {s;(t)};_; U---U{n;(t)}I_, are continuous over L and the

variation of {s;(t)}j_; U---U{n;(t)}j=, are so small that when ¢ is composed

with any of {d1,n, P2,ny ", Pn—1,n}, the corresponding eigenvalue maps have
variations less than QH% As a consequence, for any € > 0 and any finite
subset F' C Ay, there exists mg > n such that the image of I in each summand
of By, is approzimately constant to within € associated with the action on that

summand, for all m > myg.

Theorem. Let (A,a) = liin(An,an) and (B,B) = liLn(Bn,ﬁn) be two inductive
limit C* -dynamical systems considered in 2.1. Suppose that ¢ = ¢o® @1 is a dimen-
sion range preserving group isomorphism from (K. (A), o) to (K.«(B), B«) mapping
[14] to [IB] and suppose that ¢ = do ® ¢1 is a dimension range preserving isomor-
phism from (K.(A Xqo Z2), ) to (K(B Xg Z5), Bx) mapping the special element
to the special element. Suppose further that the following diagram commutes:

K.(4) —  K.B)

| 1
K (AxoqZy) — K.(BxgZs)

Then there exists an isomorphism 1 from (A, ) to (B, () that induces ¢ and .

Proof. The proof is standard. We divide it into three steps.

Step 1. The isomorphism (K, (A),a.) = (K.(B), ) and (K.(A X Z2),04) =
(K.(BxgZy), ) can be lifted to an intertwining of subsequences of the sequences
{ (K (As), i) b { (K (Bs), Bis) b, {(Bi(Bi %o, Z2), Gix)} and {(K. (B xg, Z2), Bix )}
which preserve the dimension ranges, the special elements and the commuting dia-
gram.

It follows from [6] [11] that by passing to subsequences and by changing notation,
one has

K(A1) — Ki(4A) — - — K4
! /! ! /! (3
K(B1) — KiB2) — -+ — Ki(B)

which preserves the dimension range as well as the classes of units.

For the crossed products, the basic building blocks are not exactly the same as
n [11], due to the multiple edge. However, the groups are finite direct sums of Z
and the following property holds: If ([e], k) is in the dimension range, so is ([e], nh)
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for n € Z (cf. [6] [11]). Hence, by passing to subsequences and changing notation,
one also has:

K*(Al Xaq ZQ) — K*(AQ X o ZQ) —_— .. — K*(A Xa ZQ)
1 / 1 /
K*(Bl X g, Zs) — K*(Bg X B, Zy) — o0 — K*(B Xg ZQ)

which preserves the dimension range and the special elements.
We now show that by passing to subsequences the liftings will also respect the
actions. Let us consider the following:

(Ki(A1), a1.)  — (Ki(A), )
N\ )

Let a € K,(A1) be a generator. The image of a1.(a) in K, (B) is the image of a
acted by (3. in K.(B). So there exists j > 1 such that

(Ki(A1), 1) — (Ki(A), )

!
(K« (Bj), Bj)  — (K«(B), )

commuting on (a, a1.(a)). Since K,(A) is finitely generated, enlarge j if necessary,
we can get the above diagram commuting on K,.(A;). Now it becomes clear that,
continuing this way, after passing to subsequences and changing notation, we have

(Ki(A1),a1) — (Ki(A2),02) — -+ — (Ki(4),a4)
! /! ! /! :
(K(B1), B1) — (Ku(B2),f2) — -+ — (K.(B),f)

preserving the dimension ranges and the classes of the identity.
Similarly, we have

(K*(Al Xaq ZQ),CAY:[*) —_— — (K*(A Xa ZQ),@*)
L / ¢
(K«(B1 Xp, Z2), 1) — -+ — (Ku(Bxp Z2),0.).

preserving the dimension range, the special elements and the classes of identity.
Finally, we will show that these two commuting diagrams respect the map from
K-groups of an algebra to the K-groups of the crossed product. First, we have

K*(Al Xaq ZQ) — K*(AQ X o ZQ) _— - — K*(A Xa ZQ)
i i 7
K. (A1) — K. (A2) — - — K4
K.(B1) — K.(B2) — - — KB
1 1 1
K*(Bl X3y ZQ) — K*(BQ X 3, ZQ) —_— .. — K*(B X3 ZQ)

Let us start with K (A1) — K(A1 Xa, Z2). Write

K(A) -  K(4) = KB <  K(B)

1 ! | |
K*(Al X aq ZQ) — K*(AXQZQ) = K*(BXﬁZQ> — K*(Bl ><5lZg).

It is clear that there exists n such that the following diagram commutes:
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1 |
K*(Al X aq ZQ) — K*(Bn X B, Zg)

Continuing this way, we have proved the claim.

Step 2. By Corollary 5.3, one has the following not necessarily commutative dia-
gram:

(A, 1) — (A2,00) — -+ — (A,@)
! / ! /
(B1,61) — (B2,p2) — -+ — (B,f)

Step 3. After passing again to suitable subsequences of {(A4;,a;)} and {(B;, 5;)}
(and changing notation), it is possible to perturb each of the homomorphisms
(4;, ) — (B4, 3;) and (By, ;) — (Ai+1, @i4+1) obtained in Step 2 by an unitary
in the fixed point algebra in such a way that the diagram becomes an approximate
intertwining, in the sense of [6]. Hence A is isomorphic to B. Furthermore, this
isomorphism intertwines o and § (cf. 4.3).

The proof is exactly the same as Step 3 in [11]. One uses Proposition 7.1, Lemma
6.2 and Theorem 6.4. O

Remark. An immediate consequence is that (A X, Z2, &) is isomorphic to (B xg
Zs, 3) where & and [ are dual actions.
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